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Abstract
We give the N = 2 gauged supergravity interpretation of a generic
D = 4, N = 2 theory as it comes from generalized Scherk–Schwarz
reduction of D = 5, N = 2 (ungauged) supergravity. We focus on the
geometric aspects of the D = 4 data such as the general form of the
scalar potential and masses in terms of the gauging of a “flat group”.
Higgs and super-Higgs mechanism are discussed in some detail.
1
1 Introduction
New gaugings of extended supergravity have recently been considered, espe-
cially in connection to compactifications of M-theory and superstring theories
involving generalized Scherk–Schwarz reduction [1] or flux vacua [2].
In the present investigation we would like to give some general features of
Scherk–Schwarz (SS) reduction of D = 5, N = 2 ungauged supergravity [3],
in terms of what is generally known for D = 4, gauged supergravity [4, 5].
This investigation can be regarded as the N = 2 counterpart of a similar
analysis [6] performed for the case of N = 8 SS spontaneously broken su-
pergravity [7, 8]. N = 8, N = 4 and N = 2 supergravity with SS reduction
have been considered in the literature [9, 10, 11], also in connection with
Randall–Sundrum brane scenarios [12, 13, 14, 15, 16, 17, 18, 19, 20, 21].
Following Scherk and Schwarz, we are going to consider in the following
only flat groups obtained by SS reduction of a D = 5 theory, thus getting, in
D = 4, a semi-positive definite scalar potential which generally has some flat
directions, irrespectively if supersymmetry is broken or not. Therefore the SS
reduction always defines no-scale models [22], which were first considered, in
the context of N = 1 supergravity, in the early 80’s [23, 24]. No-scale models
also appear in warped superstring compactifications where “internal” fluxes
are turned on [25, 26, 27, 28, 29].
At the supergravity level the difference between Scherk–Schwarz and flux
compactifications mainly resides in the fact that, when supersymmetry is
broken, massive multiplets are BPS saturated in the former case, while they
are long in the latter.
The BPS U(1) central charge is gauged by the graviphoton which, to-
gether with the other matter gauge fields, defines a non-abelian gauge algebra
corresponding to a flat group.
In N = 8 supergravity the flat Lie algebra is a subalgebra of E7(7), while
in N = 2 it depends on the structure of the D = 5 real-special geometry
underlying the vector multiplet couplings [6].
We find that the structure of the flat group gauged in D = 4 is universal,
in the sense that its structure is common to all N = 2 models. It is of the
form U(1)s Rnv+1, where nv is the total number of D = 5 vector multiplets,
and in the most general case the U(1) symmetry, which is gauged by the
four-dimensional graviphoton Bµ,
1 acts on both the special manifold as well
1By graviphoton we call the four-dimensional vector coming from the five-dimensional
2
as the quaternionic manifold.
If the U(1) has a component on the SU(2) R-symmetry of the D = 5
theory, then supersymmetry is broken. When the quaternionic manifold is
involved in the gauging, this is realized when the pull-back on space-time of
the SU(2) connection ω BA is non vanishing, with in particular
2
ω5
B
A 6= 0 ; (A,B = 1, 2).
In absence of hypermultiplets, for supersymmetry to be broken the U(1) must
have a component on the global SU(2) R-symmetry of the D = 5 theory, and
this originates a four-dimensional N = 2 Fayet–Iliopoulos term.
On the other hand, if no SS phase is introduced in the real-special mani-
fold, then the U(1) has no component on the vector multiplet directions and
the flat group is abelian, with all the vectors remaining massless.
In the general case, the U(1) charge has components on the isometries of
both special and quaternionic manifolds.
We denote by Γab = −Γba (a, b = 1, · · ·nv) and ∆αβ = ∆βα (α, β =
1, · · ·2nh) respectively the SO(nv) spin-connection one form on the real-
special manifold and the USp(2nh) symplectic connection one-form on the
quaternionic manifold. For a Higgs mechanism to take place the following
conditions for the pull-back on 5D space-time of these connections must be
met
Γ5
ab 6= 0 , ∆5αβ 6= 0 .
Note that, if ω5
B
A = 0, then supersymmetry remains unbroken and a pure
supersymmetric Higgs mechanism occurs. Then massive BPS multiplets are
generated for both vector- and hypermultiplets in four dimensions.
In Section 2 we discuss the general form of the scalar potential and the
fermionic bilinear of a generic compactification, as they come from D = 5 SS
reduction.
In Section 3 we give the basic gauge groups and discuss the SS reduction
in terms of D = 4, N = 2 data based on the gauging of a “flat group”.
In Section 4 we apply this general pattern to different models, covering
the different cases with nv, nh = 0; nv 6= 0, nh = 0; nv = 0, nh 6= 0; nv, nh 6= 0.
We mostly confine our analysis to symmetric coset spaces.
metric. This is not the same as the vector partner of the metric in the N = 2, D = 4
gravity supermultiplet.
2Here and in the following we refer, for the definitions of D = 4, N = 2 fields, to the
ones given in [5].
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We give in two appendices further relations between SS D = 5 dimension-
ally reduced quantities and their D = 4 gauged supergravity counterparts.
Further extensions of the present investigation, which will be considered
elsewhere, include the presence of a more general lagrangian in D = 5, as, for
example, a non-abelian gauge group already inD = 5, opening the possibility
of having a D = 4 boundary, as in the Randall–Sundrum kind of scenario,
or the inclusion of tensor multiplets in D = 5 [30, 31, 32], through which one
would retrieve in D = 4 a more general N = 2 matter coupling discussed in
reference [33].
2 On the Scherk–Schwarz reduction of the
D = 5, N = 2 lagrangian
The basic quantities of the D = 5 lagrangian which become relevant in the
discussion of the SS reduction are the kinetic terms for the scalars and for the
spin 1
2
, 3
2
fields, which are related to the scalar potential and the fermionic
mass terms of the D = 4 dimensionally reduced theory.
These kinetic terms contain, in the fermionic covariant derivatives, the
real-special geometry spin-connection [34], as well as the symplectic USp(2nh)
and SU(2) connections of the quaternionic manifold [35, 5].
Upon SS reduction, the pull-back on space-time of such one-form connec-
tions contribute the terms
∆5αβ ; ω5AB ; Γ5
ab (ω5AB = ω5
C
A ǫBC)
which will determine the quadratic mass terms of the fermions.
Similarly, the D = 4 scalar potential is [8]
V (σ, ϕ, q) = e−3σ
[
1
2
P a5 (ϕ)P5a(ϕ) + UαA5 (q)UβB5 (q)CαβǫAB
]
(1)
where
√
g55 = e
σ = φ5, P
a
5 (ϕ) = P
a
i ∂5ϕ
i and UαA5 (q) = UαAu ∂5qu denote the
5th components of the pull-back on space-time of the scalar vielbeins of the
theory in D = 5, with P ai the vielbein of the real-special manifold in D = 5
and UαAu the vielbein of the quaternionic manifold (with i = a = 1, · · ·nv;
A = 1, 2; α = 1, · · ·2nh and u = 1, · · · 4nh). φ5 = eσ = √g55 is the Kaluza–
Klein mode from the metric.
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It is obvious from (1) that the potential V is positive definite and it has
an extremum at the points for which
P a5 (ϕ) = UαA5 (q) = 0. (2)
These are the vacua of the theory.
As we already know from the N = 8 example, these vacua may have a non
trivial moduli space (other than the σ direction). Also, the scalar potential
(1) can be recast in a N = 2, D = 4 gauged supergravity form, by giving the
gauged isometries which correspond to the SS compactification.
It is important to observe that, in view of the real-special geometry re-
lations discussed in Appendix A [36, 37], the first term in the potential can
also be written as
−3
2
e−3σ∂5t
I∂5t
JtKdIJK (3)
where tI(ϕ) (I = 1, · · ·nv + 1) are D = 5 special coordinates, subject to the
constraint
tItJtKdIJK = 1. (4)
They form a representation of the full duality group of the D = 5 theory.
Let us consider the term ∂5t
I(ϕ) = tI,i∂5ϕ
i. When applying the SS gener-
alized dimensional reduction it gives, at x5 = 0,
∂5t
I(ϕ)|x5=0 = tI,iM ijϕj, (5)
where M ij is a matrix parametrizing the global symmetries of the D = 5
action. We restrict our discussion to the case where M ij only contains the
compact symmetries. In a more general sense, ∂5ϕ
i = ki0 is the Killing vector
for an arbitrary U(1) in the Cartan subalgebra of the global compact sym-
metry HR of real-special geometry, it is therefore a generator U(1) depending
on n = rank (HR) parameters.
With the position (5) the vector multiplet sector of the D = 4 scalar
potential then becomes
1
2
e−3σgijM
i
kM
j
ℓϕ
kϕℓ (6)
where (see Appendix B)
gij = −3dIJKtKtI,itJ,j = GIJtI,itJ,j (7)
is the real-special manifold metric.
We are interested in comparing the above expression with the D = 4
gauged supergravity result.
5
3 Gauged N = 2, D = 4 interpretation
3.1 Vector multiplet sector
In the D = 4 framework, mass terms and scalar potential arise from the
gauging procedure. This was fully exploited for the N = 8 case in [6], and
the same procedure was indicated for the N = 2 case in Section 4 of the
same reference.
The crucial ingredient to be used here is that the dimensional reduction
of real-special geometry [3] gives a cubic holomorphic prepotential at D = 4
of the form
F (z) = dIJKz
IzJzK (8)
where ℑzI = vI = tIφ5, ℜzI = −AI5, with AI5 being the 5th components of
the D = 5 vectors. The special Ka¨hler manifolds with the specific form (8)
for the prepotential are named very-special manifolds [38] (or d-manifolds)
[34] 3.
Note that the D = 4 moduli vI (corresponding to the imaginary part of
the scalars in the vector multiplets) obey the relation
V(v) ≡ dIJKvIvJvK = e3σ (9)
which immediately follows from equation (4) by using vI = tIeσ.
Moreover, since the quantity gijϕ
kϕℓ in (6) is scale invariant, we can read
the factor e−3σ as
e−3σ = eK (10)
which defines the very-special Ka¨hler potential K = − logV = −3 log σ.
The D = 4 vectors are Bµ (the Kaluza–Klein graviphoton) and Z
I
µ =
AIµ − AI5Bµ. This in particular shows that the five-dimensional graviphoton
belongs, together with φ5 =
√
g55, to an additional vector multiplet in four
dimensions, while the D = 4 graviphoton comes from the Kaluza–Klein
vector, corresponding to the decomposition of the five-dimensional space-
time vielbein as (
Vˆ aµ = e
−σ
2V aµ ; Vˆ
5
µ = e
σBµ; Vˆ
5
5 = e
σ
)
. (11)
3A d-manifold can be real (at D = 5, with nR = nv), Ka¨hler (at D = 4, with nC =
nv + 1), or quaternionic (at D = 3, with nh = nv + 2), where nR, nC and nh denote the
real, complex and quaternionic dimension respectively.
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This is merely due to the choice of D = 4 special coordinates XΛ (see Ap-
pendix A) which set X0 to correspond to Bµ. This is not the same as the
“free” supermultiplet assignment.
The very-special manifold MC in D = 4 has Rnv+1 isometries (corre-
sponding to the AI5 shift invariance of the lagrangian)
δAI5 = r
I , I = 1, · · ·nv + 1. (12)
They act on the nv + 2 vectors in D = 4 as follows
δZIµ = −rIBµ ; δBµ = 0. (13)
Let us now consider Bµ to gauge a U(1) group belonging to the maximal
compact subgroup of the isometry group of the very-special manifold, and in
particular let us take it in its Cartan subalgebra HC.
If tI is a representation of HC, then we may consider the following flat
group
[
tI , t0
]
= M IJ t
J[
tI , tJ
]
= 0 (14)
that is, by setting tΛ = (t0, tI) ,
[
tΛ, tΣ
]
= fΛΣ∆t
∆ , Λ = (0, I) (15)
with f I0J = M
I
J , the others vanishing. The U(1) isometry gauged by the Bµ
gauge field may have components both on the very-special manifold and on
the quaternionic manifold, that is 4
t0 = ISG + IQUSp(2nh) + I
Q
SU(2).
The charges corresponding to gauging some special geometry isometries ISG
are given by the SS phase M IJ , while the ones corresponding to gauging
quaternionic isometries IQ are labeled by a matrix Muv which will be better
specified in Section 3.3 (see in particular equation (33)).
The gauge transformation of the zI coordinates is holomorphic and has
the form
δzI =M IJ
(
zJξ0 − ξJ) (16)
4By IQUSp(2nh) and I
Q
SU(2) we mean the SS phase with flattened indices [8].
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Of course, as the gauge parameters ξΛ are real, the non-homogeneous part
only affects ℜzI .
From the structure constants of the non abelian gauge algebra we also
get the gauge transformation of the vectors
δZIµ = ∂µξ
I +M IJ
(
ξ0ZJµ − ξJBµ
)
δBµ = ∂µξ
0 (17)
and the expression for the vector field-strengths
F Iµν = ∂µZ
I
ν − ∂νZIµ +M IJ
(
ZJµBν − ZJνBµ
)
Bµν = ∂µBν − ∂νBµ. (18)
Note that, because of the gauged translations, a Chern–Simons-like term is
present in the D = 4 lagrangian [4]
1
3
ǫµνρσdIJKM
K
L Z
I
µZ
L
ν ∂ρZ
J
σ . (19)
It comes by dimensional reduction of the D = 5 Chern–Simons term [6]
dIJKA
I ∧ F J ∧ FK . (20)
Note that d(IJKM
K
L) = 0 and that the non-abelian contributions vanish
identically [6].
In D = 4 very-special geometry, as it comes from dimensional reduction
of D = 5 real-special geometry, the choice of symplectic basis is dictated by
the fact that the D = 5 duality group does not mix electric with magnetic
vector potentials, so that the flat group is entirely electric. For infinitesimal
transformations it has then a symplectic Sp(2nv + 4,R) action [39] of the
type (
a 0
c −aT
)
(with c = cT ) (21)
In (21), the submatrix a corresponds to the adjoint action on the vectors,
while c is the matrix which transforms, non linearly, the axion fields. Setting
all together, the entries of a, c for the (nv+2)-dimensional gauge algebra are
a(nv+2)×(nv+2) =
(
M IJξ
0 −M IJξJ
0(nv+1)×(nv+1) 0
)
,
c(nv+2)×(nv+2) =
(
dIJKM
K
L ξ
L 0(nv+1)×1
0(nv+1)×(nv+1) 0
)
(22)
8
In particular, c determines the non-homogeneous shift for the vector kinetic
matrix of very-special geometry (which can be computed with the standard
special-geometry formulae) 5
δℜNIJ = dIJKMKL ξL
which is related to the gauged axion symmetry
δzI = −M IJξJ .
3.2 Killing vectors and the scalar potential
The N = 2 scalar potential for a generic gauged supergravity is given by the
following expression [5]
V =
(
gIJ¯k
I
Λk
J¯
Σ + 4huvk
u
Λk
v
Σ
)
L¯ΛLΣ +
(
UΛΣ − 3L¯ΛLΣ)P xΛP xΣ (23)
Here kIΛ, k
u
Λ are the Killing vectors of the special and quaternionic manifold re-
spectively, gIJ¯ , huv the corresponding metrics on the two manifolds, L
Λ is the
covariantly holomorphic section of special geometry, P xΛ is the quaternionic
Killing-prepotential, and UΛΣ = DILΛDJ¯ L¯ΣgIJ¯ = −12(ℑN )−1ΛΣ − L¯ΛLΣ.
We refer to [5] for the complete definitions; however, note in particular
the relations gIJ¯k
J¯
Σ = ∂IPΛ, k
I
ΛL
Λ = PΛL
Λ = 0 (PΛ is the special-Ka¨hler
Killing prepotential) and Ωxuvk
v
Λ = DuP xΛ, P xΛ = 12nhDukvΛ(Ωx)uv.
We note that, for the kind of gauging under consideration, the scalar po-
tential, as expected by comparison with (1), is positive semidefinite. This
is a consequence of the fact that in these models only compact quaternionic
isometries, corresponding to a SS phase, are gauged, with the U(1) gravipho-
ton as gauge vector, so that P x0 6= 0, P xI = 0. Then, in the special coordinates,
where
L0 = e
K
2 ;LI = e
K
2 zI ,
one can prove the basic relation [40, 41]
U00 − 3L¯0L0 ≡ 0,
so that the scalar potential reduces to
V = eK
(
gIJ¯k
I
Λk
J¯
Σ + 4huvk
u
Λk
v
Σ
)
z¯ΛzΣ. (24)
The two contributions in (24) have now to be compared with the two
terms in (1).
5Note that such possibility extends the results of [5], following [4].
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No hypermultiplets
Let us first consider the case kuΛ = 0, where the graviphoton has no com-
ponents on any U(1) isometry of the quaternionic manifold. First of all, from
(16) we know the form of the very-special manifold Killing vectors:
kIJ = −M IJ ; kI0 =M IJzJ (25)
which implies that the following properties of special geometry are true
kIΛL
Λ = e
K
2
(
kIJz
J + kI0
)
= 0 (26)
kIΛL¯
Λ = 2ie
K
2 M IJℑzJ . (27)
Equation (27) is the basic identity which allows to relate such an expression
to ∂5t
i, as defined in (5).
Then the scalar potential is independent of ℜzI
V (σ, ϕ) = eKgIJ¯k
I
Λk
J¯
Σz¯
ΛzΣ = 2eKGIJM
I
KM
J
LℑzKℑzL. (28)
Note that, when the set of indices I, J... = 1, · · ·nv + 1 is restricted to the
subset i, j, ... = 1, · · ·nv, then (28) does coincide with (6).
The extrema are at
M IJℑzJ = 0,
that is they correspond to the vanishing eigenvalues of the Cartan matrix
M IJ .
Since the matrix M IJ is taken on a compact subgroup of the isometry
group, it is anti-hermitean, with imaginary eigenvalues (±imi, 0). The non-
vanishing eigenvalues provide massive BPS N = 2 vector multiplets, where
ℑzI is the scalar partner of the massive vector ZIµ and ℜzI the corresponding
would-be Goldstone boson.
The vanishing eigenvalues give the moduli space of the SS theory. If
supersymmetry is unbroken (P xΛ = 0), they exactly correspond to the number
of residual massless vector multiplets.
Let us consider now a similar situation, without hypermultiplets, but with
a non-zero Fayet–Iliopoulos term P xΛ = const. As for an ordinary quaternionic
prepotential, it must satisfy the constraint [5]
−1
2
ǫxyzP yI P
z
0 +
1
2
f JI0 P
x
J = 0
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which is solved for P xI = 0, P
x
0 arbitrary. Let us then set P
x=3
0 = m 6= 0.
Supersymmetry is broken, but the vacuum is the same as before, since m
does not contribute to the scalar potential. However, it gives a mass term to
the gravitinos and to the gauginos.
This is a no-scale model with N = 2 → N = 0 broken supersymmetry.
The two fermionic partners of the matter vector multiplet which was not
present in D = 5 (ψ5A component of the gravitino) are the goldstinos which
make the gravitinos massive. In this case, the U(1) gauged by the Bµ field
is a combination of the special-manifold isometry and of the R-symmetry.
We note that if in this model we set to zero the matrix M IJ , we retrieve
the vanishing potential model discussed long-ago in [40].
Inclusion of hypermultiplets
The most general case of SS gauging is obtained when the Bµ field has also
a component on a U(1) isometry of the quaternionic manifold. In this case
the SS phase takes values also on the isometries of the quaternionic geometry.
The scalar potential is given by (1) or, in the D = 4 language, by (24).
Moreover, since on the quaternionic manifold ku0 6= 0 is the only non-vanishing
Killing vector, also the hypermultiplet contribution to the scalar potential is
independent from the axions in the vector multiplets (as expected), and is
given by
4eKhuvk
u
0k
v
0 (29)
where the factor eK correctly reproduces the radial factor e−3σ, as discussed
in (9).
The flat vacuum corresponds to ku0 = 0.
From the hypermultiplet σ-model we have that the five-dimensional ki-
netic lagrangian which originates the scalar potential is nothing but
huv∂5q
u∂5q
v (30)
which, assuming a non-trivial SS phase in the quaternionic direction
∂5q
u = Mupq
p ; (Mup = −M up )
becomes
huvM
u
pM
v
rq
pqr. (31)
Comparing (29) with (31), and sending M → 2M in the SS phases, we have
the identification
ku0 =M
u
pq
p (32)
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with, in the general case where the SS phase takes value on all the SU(2)×
USp(2nh) holonomy,
Mup = UuαAUp|βB [MABCαβ +MαβǫAB] (33)
where MAB = MBA, Mαβ =Mβα.
The flat directions of ku0 = 0 correspond to the vanishing eigenvalues of
the matrix Mup. The hypermultiplet scalars which become massive belong
to massive BPS hypermultiplets 6.
3.3 Mass terms and critical points of the scalar poten-
tial
The strategy for finding mass terms in fermion bilinears, as they come from
the five-dimensional theory compactified a` la Scherk–Schwarz, is to consider
all terms in the lagrangian which include either P5 and ω5 (the 5th component
on space-time respectively of the vielbein and of the spin-connection on the
scalar manifolds).
Let us remind the reader that in D = 5 the vector multiplet geometry has
a Riemannian connection Γ ji while the hypergeometry has SU(2)×USp(2nh)
holonomy, with connections ω BA and ∆
β
α respectively. We denote the pull-
back on space-time of the corresponding scalar vielbein as P aµˆ = P
a
j ∂µˆϕ
j
(such that P aj Pak = gik, with µˆ = 0, 1, 2, 3, 5 = (µ, 5)) and UAαµˆ = UAαu ∂µˆqu
(UAαu UBβv ǫABCαβ = huv). For what concerns the quaternionic vielbein UαAµˆ ,
under SS dimensional reduction we have
UαA5 = UαAu ∂5qu = UαAu ku0
where
ku0 = ∂5q
u = muvq
v
is the Killing vector corresponding to a U(1) isometry with components on
both symplectic and SU(2) indices.
The contribution to the scalar potential from the quaternionic sector of
the SS reduced lagrangian is
VQ = e
−3σUαA5 UβB5 CαβǫAB
= e−3σUαAu UβBv ku0kv0CαβǫAB
= e−3σhuvk
u
0k
v
0
6Note that a massive hypermultiplet (unlike the vector multiplets) is necessarily BPS
saturated.
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which is indeed the N = 2 expression for a U(1) isometry on the quaternionic
manifold gauged by the graviphoton.
By the general discussion on SS dimensional reduction we know that,
if a SS phase in the R-symmetry direction is switched on (so that, in the
N = 2 cases considered here, ω5
B
A 6= 0) then supersymmetry is spontaneously
broken. Note that from the five-dimensional gravitino kinetic term we can
read-off its four-dimensional bilinear
SABψ¯Aµγ
µνψBν
if we interpret, in analogy to [8],
SAB =
i
2
e−
3
2
σ(ω5)AB. (34)
Comparing (34) with the general four-dimensional expression for SAB, which
in our case is
SAB =
i
2
P xΛ(σ
x)ABL
Λ = P x0 (σ
x)ABe
K
2 (35)
we get, recalling (10),
P x0 = iω
x
5 . (36)
Making use of the general formulae for quaternionic geometry, we can find
an explicit expression for the Killing prepotential PAB0 which gives a mass
term to the gravitinos. Let us recall in particular the relations:
Ωxuv ≡ iUαAu UβBv Cαβ(σx)AB , (37)
ΩxuvΩ
yv
p = −hupδxy − ǫxyzΩzup (38)
and
P xΛ = −
1
2nh
∇ukvΛΩxuv. (39)
From the analysis of the previous subsection, we know that a SS-induced
quaternionic Killing vector must be of the form (32). In order for it to break
supersymmetry, the mass matrix Mup (33) must have a non trivial phase on
the SU(2) isometry (MAB 6= 0), that is
Mup = M
x(σx)ABCαβUuαAUβB|p = −iMxΩxup
with MAB ≡ 1
2
Mx(σx)AB, so that (39) gives, for our case
P x0 → −
1
2nh
∇ukv0Ωxuv =
i
2nh
MyΩxuvΩ
yv
p∇uqp. (40)
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Using now ∇uqv = δvu +O(q) and (38) we have, for qu → 0,
P x0 = −2iMx (41)
in accordance with the fact that, for qu → 0, ωAB5 →MAB .
We therefore see as expected that in absence of hypermultiplets the MAB
parameter is the Fayet–Iliopoulos term, while in presence of hypermultiplets
it is related to the Killing vector
ku0 = −iMx(Ωx)uvqv
corresponding to a U(1) ⊂ SU(2) quaternionic isometry gauged by the gravipho-
ton.
From equations (30) and (31) we see that in this case a mass term for the
hypermultiplet scalars appears which stabilizes all of them, since, from (32),
the extrema of the potential are found here for qu = 0.
The presence of a Fayet-Iliopoulos term is understood, from the SS point
of view, from the fact that (see (36)) the quaternionic prepotential is iden-
tified with the SU(2) connection, so that, under a holonomy transformation
U , it transforms inhomogeneously as
Γ→ Γ′ = U−1ΓU + U−1dU.
For a holonomy transformation corresponding to an SU(2) SS phase, we have
ωAB5 = ω
AB
u M
u
vq
v +MAB = ωABu k
u
0 +M
AB = PAB0 .
Analogously, for a holonomy tranformation corresponding to a symplectic SS
phase, we have
∆αβ5 = ∆
αβ
u M
u
vq
v +Mαβ = ∆αβu k
u
0 +M
αβ .
The leading terms in the connections Γ5
I
j , ∆5
α
β, ω5
A
B, giving the SS
phases on MC ×MQ, are M Ij , Mαβ , MAB respectively.
On the other hand, the leading terms in the scalar vielbein are
P i5 ∼M ijϕj ; UαA5 ∼ MαβqβA +MABqαB.
The scalar potential is extremized at
UαAu ku0 = 0
14
that is for
[MABCαβ +MαβǫAB]UβBv qv = 0. (42)
If MAB = 0, then the vanishing eigenvalues of Mαβ leave massless some
of the hypermultiplets. On the other hand, if MAB 6= 0, then the extremum
is at qu = 0. In this case, all the scalars in the hypermultiplets are massive,
thus breaking supersymmetry.
4 Some illustrative examples
We are going to consider in this section specific models as illustrative exam-
ples.
For all symmetric real-special manifoldsMR = GR/HR, the duality trans-
formations acting linearly on the vector potentials belong to
[GR × SO(1, 1)]s T nv+1
which is a non-semisimple subgroup of GC (the isometry group of the cor-
responding D = 4 symmetric space). Under GR × SO(1, 1), GC decomposes
as
gC = gR ⊕ so(1, 1) + tnv+1−2 + t′nv+12
where n
v
+ 1 is a representation of GR. Note that the D = 4 vectors are in a
2(nv +2)-dimensional symplectic representation RC of GC which, under GR,
decomposes as follows
RC =
(R+1R + 1+3)⊕
(
R′−1R + 1−3
)
.
The (nv + 2)-dimensional gauge algebra is U(1) × T nv+1, where U(1) is a
Cartan generator of the maximal compact subgroup HR ⊂ GR.
The ((nv + 1)× (nv + 1)) SS phase matrix has always one vanishing eigen-
value, because there is always one singlet of the global symmetry GR under
its maximal compact subgroup HR (corresponding to the D = 5 gravipho-
ton). Other vanishing eigenvalues come from the Cartan subalgebra of HR,
depending on the specific symmetric-space under consideration.
We also give an example of SS phase for a homogeneous non-symmetric
special manifold [42, 43, 34]. Here the number of vanishing eigenvalues of
the SS phase may be larger than in the symmetric case.
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For a generic non-symmetric, non-homogeneous, real-special manifold,
the number of vanishing eigenvalues of the SS phase can be rather large,
because the compact isometry may act on a reduced set of special coordinates.
For the symmetric quaternionic manifolds GQ/[HQ×SU(2)R], we find that
the SS phase matrix has no vanishing eigenvalues, for a generic element of
the Cartan subalgebra of the maximal compact subgroup HQ ⊂ GQ commut-
ing with SU(2)R. If no SU(2)R phase is introduced, then the SS mechanism
give supersymmetric masses to BPS hypermultiplets. On the other hand, if
a SU(2)R phase is switched on, then supersymmetry is broken and a split-
ting in the masses of the various fields, due to this phase, occurs in all the
multiplets of the supergravity theory. In particular, the splitted fields are
the gauginos in the vector multiplet sector, and the quaternionic scalars in
the hypermultiplet sector. The two gravitinos acquire a common mass.
4.1 Symmetric spaces
Let us consider the models based on symmetric spaces [44]. All the possible
N = 2 D = 4 symmetric space σ-models for vector multiplets, which have a
D = 5 counterpart [3], are listed in Table 1, while the symmetric quaternionic
manifolds [35] are indicated in Table 2.
We are going to sketch the various models, giving for each one the mass
spectrum of the four dimensional theory, when all the possible SS phases are
switched on.
MR MC
SG
SU(1,1)
U(1)
SL(3,R)
SO(3)
Sp(6,R)
U(3)
SL(3,C)
SU(3
) U(3,3)
U(3)×U(3)
SU∗(6)
USp(6)
SO∗(12)
U(6)
E6,−26
F4
E7,−25
E6×SO(2)
SO(1, 1)× SO(1,nv−1)
SO(nv−1)
SU(1,1)
U(1)
× SO(2,nv)
SO(2)×SO(nv)
Table 1: All the symmetric cosets participating to N = 2 SS mechanism in
the vector multiplet sector: the real-special manifolds in D = 5 (MR) and
the corresponding very-special manifolds in D = 4 (MC).
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4.1.1 Vector multiplet sector
• The first case is quite degenarate, since it corresponds toMR = 0 (pure
supergravity); MC = SU(1,1)U(1) ; dimC (MC) = 1.
In this case one may still build a SS phase in the Cartan subalgebra
(CSA) of the global R-symmetry SU(2)R.
As discussed in Section 3, this correspond to having a Fayet–Iliopoulos
term in D = 4, which breaks supersymmetry. In this case, which is the
N = 2 analogue of the no-scale model of [23], the scalar potential is
identically zero.
All fermions take a mass equal to the phase, while the bosons stay
massless. A situation like the one described for this model, with SS
phase in the R-symmetry breaking supersymmetry, may also occur for
all the other models listed in this subsection, and will not be repeated.
• MR = SL(3,R)SO(3) ⊂ Sp(6,R)U(3) =MC; dimR (MR) = 5, dimC (MC) = 6.
SS phase: m ∈ CSA of SO(3).
InD = 5: 6 vectors in the two-fold symmetric representation of SL(3,R).
6→ 5+ 1 under SO(3).
Mass eigenvalues: (−2m,−m, 0, m, 2m).
D = 4 spectrum of 6 vector multiplets + one graviphoton:
2 massless vector multiplets
1 massive BPS vector multiplet, mass |m|
1 massive BPS vector multiplet, mass |2m|
1 massless graviphoton.
• MR = SL(3,C)SU(3) ⊂ U(3,3)U(3)×U(3) =MC; dimR (MR) = 8, dimC (MC) = 9.
SS phases: (m1, m2) ∈ CSA of SU(3).
In D = 5: 9 vectors in the (3, 3¯) ∈ SL(3,C).
(3, 3¯)→ 8+ 1 under SU(3).
D = 4 spectrum of 9 vector multiplets + one graviphoton:
3 massless vector multiplets
2 massive BPS vector multiplets, mass |m1 ± 3m2|
1 massive BPS vector multiplet, mass |2m1|
1 massless graviphoton.
• MR = SU
∗(6)
USp(6)
⊂ SO∗((12)
U(6)
=MC; dimR (MR) = 14, dimC (MC) = 15.
SS phases: (m1, m2, m3) ∈ CSA of USp(6)
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In D = 5: 15 vectors in the two-fold antisymmetric rep. of SU∗(6).
15→ 14+ 1 under USp(6).
D = 4 spectrum of 15 vector multiplets + one graviphoton:
3 massless vector multiplets
6 massive BPS vector multiplets, mass |mi ±mj|, (i < j = 1, 2, 3)
1 massless graviphoton.
• MR = E6(−26)F4 ⊂
E7(−25)
U(1)×E6
=MC; dimR (MR) = 26, dimC (MC) = 27.
SS phases: (m1, m2, m3, m4) ∈ CSA of F4.
In D = 5: 27 vectors in the two-fold antisymmetric rep. of E6(−26).
27→ 26+ 1 under F4.
D = 4 spectrum of 27 vector multiplets + one graviphoton:
3 massless vector multiplets
8 massive BPS vector multiplets, mass |m1 ±m2 ±m3 ±m4|,
4 massive BPS vector multiplets, mass |2mi|, (i = 1, · · · , 4)
1 massless graviphoton.
• MR = SO(1, 1)× SO(1,nv−1)SO(nv−1) ⊂
SU(1,1)
U(1)
× SO(2,nv)
SO(2)×SO(nv)
=MC;
dimR (MR) = nv, dimC (MC) = nv + 1.
SS phases: (m1, · · · , m[nv−1
2
]) ∈ CSA of SO(nv − 1).
In D = 5 we have nv + 1 vectors. However, in this case the D = 5
graviphoton together with nv−1 vectors of the matter multiplets com-
pose the vector representation of SO(1, nv−1), while 1 vector multiplet
is inert, so that
n
v
+ 1→ (n
v
− 1) + 1+ 1 under SO(nv − 1).
There are always 2 singlets, corresponding to 2 massless vectors; then
2 different cases:
– nv even
In this case the (nv − 1)-vector has one vanishing eigenvalue so
that we then have:
3 massless vector multiplets
(nv−2)/2 massive BPS vector multiplets, mass |mi|, (i = 1, · · · , nv−22 )
1 massless graviphoton.
– nv odd:
In this case the (nv − 1)-vector has no vanishing eigenvalues so
that we then have:
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2 massless vector multiplets
(nv − 1)/2 massive BPS vector multiplets, mass |mi|, (i, .. =
1, · · · , nv−1
2
)
1 massless graviphoton.
To summarize, looking to the D = 5 SS compactifications which give D = 4
symmetric spaces we find in two cases a spectrum with only two massless
multiplets left (the rest being massive BPS Higgs supermultiplets), while in
all the other cases three vector multiplets stay massless.
4.1.2 The hypermultiplet sector
We have listed in Table 2 all the symmetric-space quaternionic manifolds.
Each of them could in principle participate to the SS mechanism, since they
fulfill the requirement of having a compact isometry which may be gauged
by the graviphoton.7
MQ dimQ(MQ)
G2(+2)
SO(4)
2
F4(+4)
USp(6)×SU(2)
7
E6(+2)
SU(6)×SU(2)
10
E7(−5)
SO(12)×SU(2)
16
E8(−24)
E7×SU(2)
28
SO(4,n)
SO(4)×SO(n)
n
U(2,n)
U(2)×U(n)
n
USp(2,2n)
SU(2)×USp(2n)
n
Table 2: All the quaternionic symmetric coset-manifolds participating to
N = 2 SS mechanism. In particular, the first 6 are the c-map of the very-
special manifolds of Table 1.
7Note that the same observation is true for all the quaternionic manifolds (not nec-
essarily cosets) which are obtainable as the c-map [45] of some special Kahler manifold,
since the c-map construction implies that a U(1) ⊂ SL(2, R) isometry is always present
on the final quaternionic manifold. We are not going to discuss these more general cases
here.
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For all the models we find that, in the general case where all the SS phases
in the symplectic part of the isometry are switched on, all the hypermultiplets
become massive BPS multiplets.
All the quaternionic scalars are also charged with respect to the R-
symmetry SU(2)R (in the fundamental representation). So, by introducing
the corresponding SS phase m, supersymmetry is broken, giving an extra
mass ±m to all the scalars in the hypermultiplets. We are not going to dis-
cuss further the SU(2)R phase m, confining the discussion in the sequel to
the SS phase in the USp(2nh) part. In detail we find
• MQ = G2(2)SO(4) ; dim (MQ) = 8; nh = 2.
SS phase: q in the CSA of SU(2).
8→ (4, 2) under SU(2)× SU(2)R.
No state is neutral under SU(2), so the 2 multiplets become BPS, one
with mass q and the other with mass 2q.
• MQ = F4(4)USp(6)×SU(2)R ; dim(MQ) = 28; nh = 7.
SS phase: (q1, q2, q3) in the CSA of USp(6).
28 → (14′, 2) under USp(6) × SU(2) (14′: three-fold antisymmetric
representation of USp(6)).
No state is neutral under USp(6); the BPS spectrum is:
4 BPS multiplets with mass |q1 ± q2 ± q3|
3 BPS multiplets with mass |qi| (i = 1, 2, 3)
• MQ = E6(2)SU(6)×SU(2)R ; dim(MQ) = 40; nh = 10.
SS phase: (q1, · · · q5) in the CSA of SU(6).
40→ (20, 2) under SU(6)× SU(2)R (20: three-fold antisymmetric rep-
resentation of SU(6)).
No state is neutral under SU(6); the BPS spectrum is:
10 BPS multiplets.
• MQ = E7(−5)SO(12)×SU(2)R ; dim(MQ) = 64; nh = 16.
SS phase: CSA of SO(12).
64 → (32, 2) under SO(12) × SU(2)R (32: spinor representation of
SO(12)).
No state is neutral under SO(12).
16 BPS multiplets.
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• MQ = E8(−24)E7×SU(2)R ; dim(MQ) = 112; nh = 28.
SS phase: CSA of E7.
112 → (56, 2) under E7 × SU(2)R (56: fundamental representation of
E7).
No state is neutral under E7.
28 BPS multiplets.
• MQ = SO(4,n)SO(4)×SO(n) ; dim(MQ) = 4n; nh = n.
SS phase: CSA of SU(2)× SO(n).
4n→ (2, n, 2) under SU(2)× SO(n)× SU(2)R.
No state is neutral under SU(2)× SO(n) ⊂ USp(2n)
the generic configuration has all massive hypermultiplets.
If we set a phase only with respect to SU(2)D, then, since 2×2 = 3+1
we have two vanishing eigenvalues in this SU(2)D phase; if n is odd,
we have one zero-eigenvalue also in the SO(n) phase. In this case we
finally have 2 massless hypermultiplet scalars, but supersymmetry is
broken.
• MQ = U(2,n)U(2)×U(n) ; dim(MQ) = 4n; nh = n.
SS phase: CSA of U(1)× U(n).
4n→ (n, 2)+ + (n¯, 2)− under (U(n)× SU(2)R)U(1).
No state is neutral under U(1)× U(n) ⊂ USp(2n).
Analogously to the case above, in the generic configuration all hyper-
multiplets are massive.
• MQ = USp(2,2n)SU(2)R×USp(2n) ; dim(MQ) = 4n; nh = n.
SS phase: CSA of USp(2n).
4n→ (2n, 2) under (USp(2n)× SU(2)R).
No state is neutral under USp(2n).
As for the cases above, in the generic configuration all hypermultiplets
are massive.
4.2 Non symmetric spaces
For non-symmetric spaces we can still consider SS phases if there are some
compact isometries on the manifold. This is generally possible for the case
of homogeneous real geometries of D = 5, N = 2 scalar manifolds, that have
been classified in the literature [46] and denoted by L(q, P, P˙ ). The compact
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isometries of these real manifolds are SO(q+1)×Sq(P, P˙ ), where Sq(P, P˙ ) is
the metric preserving group in the centralizer of the Clifford algebra C(q+1, 0)
[34].
Let us for instance consider the space L(0, P, P˙ ), with compact isometry
group SO(P )×SO(P˙ ). Here nv = 2+P + P˙ . In the D = 4 theory, if P, P˙ are
both even, we have three massless vector multiplets, if one is even and the
other odd, we have 4 massless vector multiplets, while if P, P˙ are both odd
we have 5 massless vector multiplets, all the rest being 1
2
-BPS multiplets..
A similar discussion can be made for homogeneous, non-symmetric, quater-
nionic spaces which are obtained as c-map of d-geometries. They have the
compact group of isometries SO(q+3)×SO(3)×Sq(P, P˙ ) [34], and one may
again introduce suitable SS phases in this sector.
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A Glossary of very-special geometry and
SS Killing prepotentials
In the zI four-dimensional variables the special coordinates are
XΛ = (z0 = 1, zI) LΛ = (e
K
2 , e
K
2 zI)
therefore
fΛi = e
K
2 (∂i +K,i)X
Λ =
(
e
K
2 (δIi +K,iX
I), e
K
2 K,i
)
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where I, i here are flat and world indices respectively on the very-special
manifold. Moreover, for the Killing vectors one has that
kIΛL
Λ = kI0L
0 + kIJL
J = 0
is satisfied for
kIJ = −M IJ kI0 = M IJzJ
which implies the identity, on the corresponding prepotential
PΛL
Λ = P0L
0 + PIL
I = e
K
2
(
K,IM
I
Jz
J −K,IM IKzK
)
= 0
and analogously
PΛL¯
Λ = 0
In the zI variables, the Ka¨hler potential is invariant under U(1) and
Peccei–Quinn symmetries
δzI = M IJz
Jξ0 −M IJξJ
so that
δξIK = K,IM
I
Jξ
J +K,I¯M
I
Jξ
J = 0
since K,I = −K,I¯ . Correspondingly, for the ξ0 transformation
δξ0K =
(
K,IM
I
Jz
J +K,I¯M
I
J z¯
J
)
ξ0 = 0
which gives
K,IM
I
JℑzJ = 0
This is because M IJ is an isometry of the very-special Ka¨hler manifold which
has a linear action on the zJ coordinates.
The prepotential PΛ is therefore given by
P0 = K,IM
I
Jz
J , PJ = −K,IM IJ
so that
kK0 = K
,KI¯∂I¯P
0 = K ,KI¯K,II¯M
I
Jz
J = M IJz
J .
We note that, in the case of symmetric spaces GC/[U(1) × HC] based
on d-geometries, the compact symmetry HC is not manifest (non linearly
realized) on the chosen special coordinates zI . The non-compact symmetry
GR is manifest, and so is the compact symmetry HR ⊂ HC.
This fact is already understood for the [SU(1,1)
U(1)
× SO(2,n)
SO(2)×SO(n)
] series. In this
case, for the cubic prepotential it is necessary to choose a symplectic basis
where only SO(1, n−1)×SO(1, 1) ⊂ SO(2, n) is manifest [40]. For a choice of
special coordinates which makes all SO(2, n) manifest, a prepotential function
does not exist [47].
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B Relation between real-special geometry in
D = 5 and very-special geometry in D = 4
The relation between the geometries of the scalar manifolds of vector multi-
plets in five and four dimensions comes by inspection of the bosonic kinetic
terms in the lagrangian, in the D = 4 Einstein frame, as they come by
dimensional reduction from five dimensions [3, 37, 36]
1√−g(4)L(4) = −
1
2
R(4) − 1
2
GIJ(t)∂µt
I∂µtJ − 1
12
∂µ log (φ5)
3 ∂µ log (φ5)
3
−1
2
GIJ(t) (φ5)
−2 ∂µA
I
5∂
µAJ5 −
1
4
GIJ(t) φ5F
I
µνF
J µν (43)
where φ5 = e
σ is the 5th component of the vielbein (S1 radius). We have
not reported in (43) the contributions from the KK graviphoton and from
the 5D Chern–Simons term (see [3]), which are not relevant for the present
discussion.
Here
GIJ = −1
2
∂I∂J logV|V=1
where V ≡ dIJKtItJ tK , with tI = tI(ϕi), i = 1, · · ·nv and I = 1, · · ·nv + 1.
The surface V = 1 defines the nv-dimensional real manifoldMnvR spanned
by the scalars in the vector multiplets at D = 5, describing real-special
geometry.
Explicitly we have
GIJ = −3tIJ + 9
2
tItJ
where tI ≡ dIJKtJtK , tIJ ≡ dIJKtK .
the metric on MRnv is
gij = GIJt
I
,it
J
,j with t
I
,i =
∂tI
∂ϕi
.
Note that tItI,i = tIt
I
,i = 0, and also
gij = −3dIJKtI,itJ,jtK = −
3
2
tI,it
I
,j.
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If we now introduce nv + 1 variables v
I defined by vI = φ5t
I , so that
dIJKv
IvJvK = (φ5)
3 = V, from the lagrangian (43) it immeditely follows
1√−g(4)L(4) = −
1
2
R(4) − 1
2
GIJ(v)∂µv
I∂µvJ
−1
2
GIJ(t) (φ5)
−2 ∂µA
I
5∂
µAJ5 −
1
4
GIJ(t) φ5F
I
µνF
J µν (44)
where
GIJ(v) = −1
2
∂
∂vI
∂
∂vJ
logV = (φ5)−2GIJ(t). (45)
By combining the axions aI = AI5 with the real scalars v
I to form complex
variables
zI = −aI + ivI ,
the scalar kinetic term of the above lagrangian can be rewritten in the more
compact form
−gIJ¯∂µzI∂µz¯J¯
with gIJ¯ ≡ −∂I∂J¯ logV = 12GIJ the very-special-Ka¨hler metric.
We can now set the relation between 5D and 4D special coordinates. We
have, in D = 4
LΛ = e
K
2 XΛ , XΛ =
(
X0, XI
)
with X0 = 1, XI = zI .
This choice identifies the four-dimensional graviphoton with the Kaluza–
Klein vector Bµ, in accordance with the gauged supergravity interpretation
of the SS reduction.
The nv + 2 vector fields are
(
A0µ = Bµ ;Z
I
µ = A
I
µ −AI5Bµ
)
and the struc-
ture constants of the flat group are f ∆ΛΣ = f
J
I0 (zero otherwise). The Bµ
gauge field gauges a U(1) isometry which may have components both on the
very-special manifold and on the quaternionic manifold
B = ISG + IQUSp(2nh) + I
Q
SU(2).
The contribution to the scalar potential in D = 4 from the real-special ge-
ometry isometries also comes from dimensional reduction of the kinetic term
of the scalars in the vector multiplets, through the term, in the dimensionally
reduced lagrangian
1
2
e−3σP a5 Pa5.
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By using the fact that P a5 , the 5th component of the pull-back on space-time
of the real-special geometry vielbein, is P a5 = P
a
,i∂5ϕ
i = P a,ik
a
0 , we then obtain
P a5 Pa5 = gijk
i
0k
j
0
where we used the fact [36] that gij = P
a
,iPa,j = −32 tI,itI,j and tI,i = ∂itI =
2dIJKt
JtK,i . Then, recalling (10), the contribution to the scalar potential is
VSG =
1
2
eKgijk
i
0k
j
0
or, in terms of the complex variables zI = −aI5+iφ5tI and of the very-special
Ka¨hler metric (45)
VSG =
1
2
eKGIJk
I
0k
J¯
0 = e
KgIJ¯k
I
0k
J¯
0 ,
where kI0 ≡ −itI,iki0 = −kI¯0 , which is the N = 2 contribution from the gauged
vector multiplets in D = 4 (see eqs. (25) and (28)). We note that this
formula agrees with (28) if we send M → 2M in the SS phases.
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